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ABSTRACT
We demonstrate that the exact solution for the spectrum of synchrotron radiation from an isotropic
population of mono-energetic electrons in turbulent magnetic field with Gaussian distribution of local
field strengths can be expressed in the simple analytic form:
(
dN˙
dω
)
t
= α3
1
γ2
(
1 + 1
x2/3
)
exp
(−2x2/3),
where x = ωω0 ;ω0 =
4
3γ
2 eB0
mec
. We use this expression to find approximate synchrotron spectra for
power-law electron distributions with ∝ exp
(
− [γ/γ0]β
)
type high-energy cut-off; the resulting syn-
chrotron spectrum has the exponential cut-off factor with frequency raised to 2β/(3β+4) power in the
exponent. For the power-law electron distribution without high-energy cut-off, we find the coefficient
am as a function of the power-law index, which results in exact expression for the synchrotron spectrum
when using monochromatic (i.e., each electron radiates at frequency ωm = amγ
2 eB0
mec
) approximation.
Keywords: radiation mechanisms: non-thermal — magnetic fields — turbulence
1. INTRODUCTION
Synchrotron radiation is the most common non-
thermal emission mechanism in astrophysics. Calcula-
tion of its spectrum involves several steps. One starts
with the expression for synchrotron spectrum (the power
emitted per unit frequency) of an individual relativistic
electron, moving perpendicular to the field lines of uni-
form magnetic field. This expression can be found in
many textbooks (see, e.g. Eq. 74.17 in Landau & Lif-
shitz (1975)):(
dL
dω
)
u
=
√
3
2pi
e3B
mec2
F
(
ω
ωc
)
, ωc =
3
2
γ2
eB
mec
.
(1)
Here
F (x) = x
∫ ∞
x
K5/3(ξ) dξ , (2)
and K5/3(ξ) is modified Bessel function of the second
kind; the subscript u denotes uniform magnetic field.
Eq (1) is to be averaged over pitch angle distribution,
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variations of the magnetic field from point to point are to
be taken into account, and then the result is to be convo-
luted with the electron distribution function. repEven
at the veryAt the first step one has to integrate the
modified Bessel function (e.g., in Crusius & Schlickeiser
(1986) the result is expressed in terms of Whittaker func-
tions), and each of the subsequent steps also involves
integration. The whole procedure, when followed in a
straight way, allows to obtain only numeric solution.
The most general numerical approach is to sum up local
contributions to the synchrotron emission for a given re-
alization of turbulent magnetic field (e.g., Bykov et al.
(2008)).
There are approximations, which are used to obtain
analytic results or to reduce computational cost. The
simplest assumption is that electrons emit monochro-
matic synchrotron photons, whose frequency depends
only on electrons’ energy. This produces reasonably
good approximation for featureless, e.g. power-law,
electron distributions, but is known to yield wrong
results for distributions with high-energy cut-off (e.g.
Fritz (1989)). Another route is to find simple approx-
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2 Derishev & Aharonian
imation of the synchrotron spectrum (1) via elemen-
tary functions and use it in subsequent integration, re-
approximating intermediate results if necessary (e.g. Zi-
rakashvili & Aharonian (2007)).
In this paper we report the finding that there is an im-
portant special case, where all preliminary integrations
(up to convolution with the electron distribution func-
tion) can be done analytically. Moreover, the final exact
solution is expressed in terms of elementary functions
and is much simpler than even the starting expression
given by Eq. (1). The special case, which we consider, is
the turbulent magnetic field with Gaussian distribution
of the local field strength and isotropic distribution of
electrons over pitch angles. The Gaussian distribution
naturally results from summation of the magnetic field
from many independent or nearly independent modes,
for example in frequently occurring case of quasi-linear
turbulence. Isotropic or nearly isotropic distribution of
electrons over pitch angles is expected in the case where
the cooling length exceeds the electrons’ mean free path,
that is also a typical situation. Previously published cal-
culation of synchrotron spectrum in turbulent magnetic
field with exponential distribution of local field strengths
(Zirakashvili & Aharonian (2010)) resulted in a complex
exact expression, for which, however, a simple approx-
imation was proposed. The case of turbulent magnetic
field with Gaussian distribution was previously studied
numerically (Kelner et al. (2013)).
The paper is organized as follows. In Section 2 we
discuss how distribution of electrons over pitch angles
can be convoluted with the distribution of local mag-
netic field strength to obtain the effective magnetic field
distribution and derive this distribution for the case of
Gaussian turbulence. In Section 3 we derive the syn-
chrotron spectrum of an individual electron, averaged
over pitch angles and over the magnetic field strength
distribution. The steps required to evaluate the inte-
gral, which expresses this spectrum, are outlined in Sec-
tion A. We move on obtaining in Section 4 expression
for the spectrum of synchrotron radiation produced in
turbulent magnetic field by electrons, whose distribu-
tion function is a power-law with cut-off. We also de-
rive, in Section 5, the spectrum from simple (uncut)
power-law distribution and elaborate on its relation to
the spectrum derived in monochromatic approximation.
In Section 6 we compare our expressions for synchrotron
spectrum in turbulent magnetic fields to those for the
uniform magnetic field.
2. EFFECTIVE DISTRIBUTION OF MAGNETIC
FIELD STRENGTH FOR GAUSSIAN
TURBULENCE
We assume that the local strength of magnetic field
in the emitting region results from summation of many
independent modes, that means independent Gaussian
distribution for all three Cartesian components of the
field. Then the probability density for the magnetic field
strength is
PB =
(
6
pi
)1/2
3B2
B30
exp
(
−3B
2
2B20
)
;∫ ∞
0
PB(B) dB = 1 , 〈B2〉 =
∫ ∞
0
B2PB(B) dB = B
2
0 .
(3)
This assumption is natural in the case, where turbulence
is sustained in quasi-linear regime, and we consider it a
conservative (i.e., underestimating the volume occupied
by stronger than average magnetic field) assumption in
the case of strongly non-linear turbulence.
A particle moving along helical trajectory with pitch
angle θ  1/γ behaves (in terms of radiated power
and spectrum) as if it moves perpendicular to field lines
of the magnetic field with effective strength Beff(θ) =
B sin θ. In case where particle distribution over pitch
angles does not vary from point to point, there are
two ways to calculate the average synchrotron spectrum.
One may either integrate locally over pitch angles and
then average over the field strength distribution or –
equivalently – calculate effective field strength distribu-
tion for all particles with the same pitch angle and after
that integrate over pitch angles. We follow the second
route.
Effective field strength distribution is
P effB (θ) =
(
6
pi
)1/2
3(Beff)2
(Beff0 )
3
exp
(
−3(B
eff)2
2(Beff0 )
2
)
, (4)
where Beff0 = B0 sin θ. Isotropic distribution over pitch
angles is equivalent to the following distribution over
Beff0 :
Pθ =
∣∣∣∣∂ cos θ∂Beff0
∣∣∣∣ =
∣∣∣∣∣∣ ∂∂Beff0
√
1−
(
Beff0
B0
)2∣∣∣∣∣∣
=
Beff0
B0
√
B20 − (Beff0 )2
. (5)
Finally, the effective distribution of the magnetic field is
P effB =
∫ B0
0
P effB (θ)Pθ dB
eff
0 =
3Beff
B20
exp
(
−3(B
eff)2
2B20
)
;
∫ ∞
0
P effB dB
eff = 1 〈(Beff)2〉 = 2
3
B20 . (6)
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We perform this integration by making substitution u =
3
2
(Beff)2
(
1
(Beff0 )
2
− 1
B20
)
. After that, integration with
respect to u reduces to gamma function, Γ(1/2) =
√
pi.
3. AVERAGE SYNCHROTRON SPECTRUM FOR
ISOTROPIC PARTICLES IN TURBULENT
MAGNETIC FIELD
For our purposes it is more convenient to express the
synchrotron spectrum (Eq. 1) in terms of the number of
synchrotron photons emitted per unit frequency, which
is (
dN˙
dω
)
u
=
1
~ω
dL
dω
=
1
γ2
α
3
N
(
ω
ωc
)
. (7)
Here α is the fine-structure constant and
N(x) =
√
3
pi
1
x
F (x) =
√
3
pi
∫ ∞
x
K5/3(ξ) dξ . (8)
Numerical factor in definition of N(x) is chosen to sim-
plify further notation.
Using effective distribution of the magnetic field
(Eq. 6) instead of actual one, we treat all particles as
if they were moving perpendicular to the field lines, so
that the distribution of synchrotron photons over fre-
quency, averaged over space and pitch angles, is(
dN˙
dω
)
t
=
∫ ∞
0
P effB (B)
[
1
γ2
α
3
N
(
2
3
mec ω
γ2eB
)]
dB ,
(9)
where subscript t denotes turbulent magnetic field.
We note that P effB (B)dB is exact differential, integrate
the above expression by parts and make substitution
ξ =
8
9
ωB0
ω0B
, ω0 =
4
3
γ2
eB0
mec
,
arriving at
(
dN˙
dω
)
t
=
=
1
γ2
α
3
∫ ∞
0
N
(
8
9
ω
ω0
B0
B
)[
3B
B20
exp
(
−3B
2
2B20
)]
dB
=
1
γ2
α
pi
√
3
8ω
9ω0
∫ ∞
0
B0
B2
exp
(
−3B
2
2B20
)
K5/3
(
8
9
ω
ω0
B0
B
)
dB
=
1
γ2
α
pi
√
3
∫ ∞
0
exp
(
−32
27
(ω/ω0)
2
ξ2
)
K5/3(ξ) dξ
=
1
γ2
α
3
Q
(
ω
ω0
)
, (10)
where
Q(x) =
√
3
pi
∫ ∞
0
exp
(
−32x
2
27ξ2
)
K5/3(ξ) dξ
=
(
1 +
1
x2/3
)
exp
(
−2x2/3
)
(11)
is evaluated in Sect. A. Note that the numerical fac-
tor (4/3) in definition of ω0 differs from the numerical
factor (3/2) in definition of ωc. This seemingly cum-
bersome choice is made to simplify notation in the final
expression.
4. SYNCHROTRON SPECTRUM FROM
POWER-LAW DISTRIBUTION WITH CUT-OFF
A rather general approximation for distribution func-
tion of synchrotron-radiating particles is power-law with
cut-off,
fe (γ) =
ne
γ0
(
γ
γ0
)−p
exp
(
−
[
γ
γ0
]β)
, (12)
where γ0  1 and β > 0. We are only interested in
the part of this distribution, where γ  1, so that we
can formally assume that the distribution (12) extends
to γ = 0; this simplifies notation. Not that we do not
require the integral
∫∞
0
fe dγ to converge.
Calculation of spectral distribution of synchrotron
photons for power-law distribution of radiating particles
yields
dN˙PL
dω
(ω,B0) =
∫ ∞
0
dN˙
dω
(ω, γ,B0) fe dγ
=
α
3
ne
γ20
∫ ∞
0
Q
(
ω
ωcut
γ20
γ2
)(
γ
γ0
)−2−p
exp
(
−
[
γ
γ0
]β)
dγ
γ0
=
α
3
ne
γ20
(
ω
ωcut
)− (1+p)2
×
×
∫ ∞
0
Q
(
1
ξ2
)
ξ−2−p exp
(
−
[
ω
ωcut
]β/2
ξβ
)
dξ
=
α
3
ne
γ20
QPL
(
ω
ωcut
)
. (13)
Here we changed integration variable to ξ =
√
ωcut
ω
γ
γ0
,
and introduced
ωcut =
4
3
γ20
eB0
mec
. (14)
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Substituting Q from Eq. (11), we write the function
QPL(x) explicitly:
QPL(x) = x
− (1+p)2 ×
×
∫ ∞
0
(
ξ−p−2 + ξ−p−2/3
)
exp
(
−2ξ−4/3 − xβ/2ξβ
)
dξ ,
(15)
where
x =
ω
ωcut
=
3
4
mec
γ20eB0
ω . (16)
For practical purposes it is useful to derive asymptotic
forms of the function QPL(x) as well as its approxima-
tion in terms of elementary functions. Evaluating the
asymptotic form in the limit x → ∞ we note, that the
main contribution to the integral in Eq. (15) comes from
ξ → 0, keep only the smallest power ξ, and then use
Laplace’s method (see Sect. B). Here g(ξ) = ξ−p−2 and
f(ξ) = −2ξ−4/3 − xβ/2ξβ , so that
ξ0 =
(
8
3βxβ/2
) 3
3β+4
|f ′′(ξ0)| = 8
3
(
3βxβ/2
8
) 10
3β+4
(
β +
4
3
)
f(ξ0) = −
(
3βxβ/2
8
) 4
3β+4
(
2 +
8
3β
)
(17)
and the asymptotic form at large arguments is
QPL(x) =
3
√
pi
2 (3β + 4)
1/2
(
3β
8
) 3p+1
3β+4
x−
β+2+2p
3β+4 ×
× exp
[
−
(
2 +
8
3β
)(
3β
8
) 4
3β+4
x
2β
3β+4
]
. (18)
For the asymptotic form of the function QPL(x) in the
limit x→ 0 there are three cases depending on the value
of p:
QPL(x) = x
− (1+p)2 ×

I1(−p− 2) + I1
(−p− 23) , p > 13
I2 , p =
1
3
I3
(−p− 23) , p < 13 ,
(19)
where
I1(q) =
∫ ∞
0
ξq exp
(
−2ξ−4/3
)
dξ
= 3× 2 3q−54 Γ
(
−3
4
(1 + q)
)
, (20)
I2 =
∫ ∞
0
ξ−1 exp
(
−2ξ−4/3 − xβ/2ξβ
)
dξ
=
∫ A
0
ξ−1 exp
(
−2ξ−4/3
)
dξ+
∫ ∞
A
ξ−1 exp
(
−xβ/2ξβ
)
dξ
= −3
4
Ei
(
− 2
A4/3
)
− 1
β
Ei
(
−xβ/2Aβ
)
' −1
4
ln
(
8x2
)− (3
4
+
1
β
)
γEu (21)
and
I3(q) =
∫ ∞
0
ξq exp
(
−xβ/2ξβ
)
dξ
=
1
β
x−(q+1)/2 Γ
(
q + 1
β
)
. (22)
The integrals in Eqs. (20) and (22) are reduced to
gamma function by substitutions ζ = 2ξ−4/3 and ζ =
xβ/2ξβ (i.e., ξ = ζ1/βx−1/2), respectively. To evalu-
ate the integral in Eq. (21), we first split it into two
parts, integrating from 0 to A and from A to infinity;
1  A  x−1/2. In the first part we keep only the
cutoff at ξ < 1 and in the second part we keep only
the cutoff at ξ → ∞. With substitutions of integration
variable (ζ = 2ξ−4/3 in the first part and ζ = xβ/2ξβ in
the second part), both parts are reduced to exponential
integrals. Then we use the asymptotic form at x → 0,
Ei(x) = ln (x)+γ
Eu
(the first two terms from Puiseux se-
ries), where γ
Eu
' 0.5772156649 is the Euler-Mascheroni
constant, to obtain the final result.
The asymptotic forms of the function QPL(x) can be
summarized as follows. For small frequencies (in the
limit x→ 0)
QPL(x) =

C1x
− (1+p)2 , p > 1/3[− 14 ln (8x2)− C2]x−2/3 , p = 1/3
C3x
−2/3 , p < 1/3 ,
(23)
where
C1 = 2
− 3p+74 3 (3p+ 7)
8
Γ
(
3p− 1
4
)
, (24)
C2 =
(
3
4
+
1
β
)
γEu , (25)
C3 =
1
β
Γ
(
1− 3p
3β
)
. (26)
For large frequencies (in the limit x→∞)
QPL(x) = C4 x
− β+2+2p3β+4 exp
(
−C5 x
2β
3β+4
)
, (27)
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Figure 1. The best-fit value of k-parameter in approxima-
tion given by Eq.(30) for β = 2 (solid line) and β = 1 (dashed
line). Vertical axis – kp0.85. Horizontal axis – power-law in-
dex p.
where
C4 =
3
√
pi
2 (3β + 4)
1/2
(
3β
8
) 3p+1
3β+4
, (28)
C5 =
(
2 +
8
3β
)(
3β
8
) 4
3β+4
. (29)
Combining the two asymptotic forms given by
Eqs.(23) and (27) one obtains an approximation, that
is valid for any x. For example, in the case p > 1/3,
which covers the vast majority of situations relevant to
astrophysics, we arrive at the following approximate and
asymptotically exact expression:
QPL(x) '
(
tk1 + t
k
2
)1/k
exp
(
−C5 x
2β
3β+4
)
. (30)
where
t1 = C1 x
− (1+p)2 and t2 = C4 x−
β+2+2p
3β+4 (31)
and k is the parameter whose value is chosen to minimize
error for each (p,β) pair. For β = 1, 2 and arbitrary
power-law index p the value of k-parameter can be taken
from Fig. (1) and the largest relative error is plotted in
Fig. 2.
5. SYNCHROTRON SPECTRUM FOR SIMPLE
POWER-LAW DISTRIBUTION AND
CONNECTION TO MONOCHROMATIC
APPROXIMATION
At times one is interested only in the low-energy part
of distribution (12), that can be approximated by a sim-
ple power-law,
fe (γ) =
ne
γ0
(
γ
γ0
)−p
. (32)
Figure 2. The largest relative error for the synchrotron
spectrum fit given by Eq. (30) with k-parameter chosen ac-
cording to Fig. 1. Solid line – β = 2, dashed line – β = 1.
Vertical axis – the error, horizontal axis – power-law index
p.
The synchrotron spectrum for this distribution is given
by the expression similar to Eq. (15), but without second
term in the exponent, so that Eq. (23) is exact expres-
sion for QPL(x) rather than its asymptotic form in the
limit x → 0. Considering once again typical in astro-
physics case p > 1/3, we obtain
dN˙PL
dω
(ω,B0) =
=
α
8
ne
γ20
2−
3p+7
4 (3p+ 7) Γ
(
3p− 1
4
)(
ω
ωcut
)− p+12
.
(33)
The synchrotron spectrum obtained for a power-law dis-
tribution in monochromatic approximation (i.e., assum-
ing that each electron radiates at a single frequency ωm,
proportional to the square of its Lorentz factor) has the
same frequency dependence. To ensure that the numer-
ical factor is also the same it is necessary to choose the
frequency ωm in appropriate way:
ωm = amγ
2 eB0
mec
(34)
and
am =
√
2
3
[
3p+ 7
16
Γ
(
3p− 1
4
)] 2
p−3
. (35)
Note that am(p) is monotonously rising function of p; it
equals zero at p = 1/3 and is continuous at p = 3.
6. DISCUSSION
It is instructive to compare spectra of synchrotron ra-
diation, the total emitted power and the average energy
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of synchrotron photons in two cases: for an electron
moving perpendicular to the field lines of uniform mag-
netic field and for an electron in the turbulent magnetic
field, which has the same average energy density.
For an electron moving perpendicular to the field lines
of uniform magnetic field, the total emitted power is
Lu =
∫ ∞
0
~ω
(
dN˙
dω
)
u
dω = ~ω2c
1
γ2
α
3
∫ ∞
0
xN(x) dx
=
8
27
α
~ω2c
γ2
= 2γ2σT c
B20
8pi
(36)
and the total photon emission rate is
N˙u =
∫ ∞
0
(
dN˙
dω
)
u
dω = ωc
1
γ2
α
3
∫ ∞
0
N(x) dx
=
5
3
√
3
αωc
γ2
=
5
2
√
3
αωB . (37)
To find the integrals
∫ ∞
0
N(x) dx =
√
3
pi
∫ ∞
0
xK5/3(x) dx
=
√
3
pi
Γ
(
1
6
)
Γ
(
11
6
)
=
5√
3
and∫ ∞
0
xN(x) dx =
√
3
2pi
∫ ∞
0
x2K5/3(x) dx
=
√
3
pi
Γ
(
2
3
)
Γ
(
7
3
)
=
8
9
we first integrate by parts, then use general expression
(see, e.g., Eq. 6.561.16 in Gradshteyn et al. (2007))∫ ∞
0
xµKν (ax) dx =
= 2µ−1 a−µ−1 Γ
(
1 + µ− ν
2
)
Γ
(
1 + µ+ ν
2
)
and Euler’s reflection formula
Γ (z) Γ (1− z) = pi
sin (piz)
.
From Eqs.( 36) and (37) we find the average energy
of synchrotron photons emitted by an electron moving
perpendicular to the field lines of uniform magnetic field:
〈sy〉u = Lu/N˙u = 8
15
√
3
~ωc =
4
5
√
3
γ2~ωB . (38)
Similarly, for an electron in the turbulent magnetic
field, the total emitted power is
Lt =
∫ ∞
0
~ω
(
dN˙
dω
)
t
dω = ~ω20
1
γ2
α
3
∫ ∞
0
xQ(x) dx
=
α
4
~ω20
γ2
=
4
3
γ2σT c
B20
8pi
(39)
and the total photon emission rate is
N˙t =
∫ ∞
0
(
dN˙
dω
)
t
dω = ω0
1
γ2
α
3
∫ ∞
0
Q(x) dx
=
5
8
√
pi
2
αω0
γ2
=
5
6
√
pi
2
αωB . (40)
The integrals∫ ∞
0
Q(x) dx =
15
16
√
2pi and
∫ ∞
0
xQ(x) dx =
3
4
are calculated in a straightforward way (reduced to the
gamma function).
The average energy per synchrotron photon,
〈sy〉t = Lt/N˙t = 2
5
√
2
pi
~ω0 =
8
15
√
2
pi
γ2~ωB , (41)
is approximately equal (' 1.0854 times smaller) to the
value in Eq. (38).
Here we may note that the net effect of turbulent
magnetic field is to increase the average energy of syn-
chrotron photons by a factor, which approximately com-
pensates decrease of this energy due to averaging over
isotropic pitch angle distribution. The synchrotron lu-
minosity for an electron in the turbulent is 2/3 of the
value given by Eq.( 36). This difference is due to the
fact that one of three components of the turbulent mag-
netic field (the one parallel to electron’s momentum)
does not contribute to synchrotron radiation. The same
factor appears when Eq. (36) is averaged over isotropic
pitch angle distribution.
The synchrotron spectral energy distributions (SEDs)
for mono-energetic electrons in turbulent and uniform
magnetic fields are compared in Figs. 3. Note that the
SED for isotropic population of electrons in the turbu-
lent field peaks at ω ' 1.93 γ2 eB0mec , and SED of electrons
moving perpendicular to the field lines of uniform field
peaks at nearly the same frequency, at ω ' 1.99 γ2 eB0mec .
Presence of regions with a stronger field in the case of
turbulent magnetic field almost exactly compensates the
decrease of the SED peak frequency due to averaging
over isotropic pitch angle distribution.
The spectra of synchrotron radiation in the cases of
turbulent and uniform magnetic fields are rather similar
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Figure 3. Spectral energy distributions of synchrotron
radiation for an electron in the turbulent magnetic field
(solid line) and in the uniform magnetic field, averaged over
isotropic pitch angle distribution (dotted line) and for pi/2
pitch angle (dashed line). The latter SED is multiplied by
2/3 to have the same total radiated power. Vertical axis –
νFν in arbitrary units. Horizontal axis – frequency (ω) in
units γ2 eB0
mec
.
at low frequencies, below and around the peak, but the
difference between them becomes progressively larger at
high frequencies. Although the difference exceeds factor
of 2 only at the highest frequencies, where ' 1.5 per
cent of emitted power is concentrated, it shows up in
electron distributions with sharp high-energy cut-off.
In Fig. (4) we compare synchrotron SEDs from power-
law electron distribution with a high energy cut-off
in the turbulent magnetic field to those in constant-
strength magnetic field, obtained either in monochro-
matic approximation or using approximate pitch-angle
averaged emissivity function from Zirakashvili & Aharo-
nian (2007). The comparison shows that the monochro-
matic approximation is not viable beyond the cut-off
frequency.
The two expressions for synchrotron spectrum given
by Eqs. (1) and (10), have distinct areas of application.
If irregular component of the magnetic field is weaker
than the regular one, then use of Eq. (1) is justified
with appropriate integration over pitch angles (in nearly
uniform magnetic field electrons’ distribution over pitch
angles may not necessarily be isotropic). If, on the con-
trary, the magnetic field is irregular, then we suggest
using Eq. (10) for the synchrotron spectrum. It is fully
justified in the case of quasi-linear magnetic turbulence,
but may still be better approximation in the case of
strongly non-linear magnetic turbulence in addition to
providing simpler to handle expression.
Figure 4. Spectral energy distributions (νFν) of syn-
chrotron radiation for power-law electron distribution with
exponential cut-off (β = 1, panel a) and with Gaussian
cut-off (β = 2, panel b) for the turbulent magnetic field
(solid line) and for the uniform magnetic field in monochro-
matic approximation (dashed line) and calculated using ap-
proximate pitch-angle averaged emissivity function from Zi-
rakashvili & Aharonian (2007) (dotted line). The power-law
index of electron distribution is p = 3. Vertical axis – νFν
in arbitrary units (logarithmic scale). Horizontal axis – fre-
quency (ω) in units γ20
eB0
mec
(logarithmic scale).
7. SUMMARY
In this paper we find – in terms of elementary func-
tions – the exact expression for the spectrum of syn-
chrotron radiation of an electron in turbulent magnetic
field with Gaussian statistics of local magnetic field
strengths.
This expression reads
(
dN˙
dω
)
t
=
α
3
1
γ2
(
1 +
1
x2/3
)
exp
(
−2x2/3
)
, (42)
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where
x =
ω
ω0
, ω0 =
4
3
γ2
eB0
mec
.
One should note the slower decline at high frequen-
cies, ∝ exp(−2x2/3) compared to the case of uni-
form magnetic field, where the decline is exponential,
∝ exp(−8x/9). Turbulent magnetic field that satisfies
Gaussian statistics is expected to occur naturally wher-
ever there is quasilinear turbulence.
Building on the simple expression for the spectrum
of individual electron, we find – in terms of elementary
functions – exact expression for the synchrotron spec-
trum from power-law electron distribution in the turbu-
lent magnetic field given by Eq. (33) and show that this
spectrum can be reproduced using monochromatic ap-
proximation (each electron radiates at a single frequency
proportional to the square of its Lorentz factor) with ap-
propriate choice of the frequency (Eqs. 34 and 35). We
also derive the synchrotron spectrum for power-law elec-
tron distribution with cut-off (Eqs. 13 and 15). In the
latter case we provide asymptotic expressions in terms
of elementary functions both for low (Eq. 23) and large
(Eq. 27) frequencies, as well as approximation valid for
any frequency (Eq. 30).
Again, Gaussian magnetic field strength fluctuations
result in slower decline of the synchrotron spectrum be-
yond the cut-off, ∝ exp
(
−a
[
ω
γ20ωB
]2β/(3β+4))
, com-
pared to ∝ exp
(
−b
[
ω
γ20ωB
]β/(β+2))
in the case of
constant-strength magnetic field, both assuming ∝
exp
(
− [γ/γ0]β
)
type cut-off in the parent electron dis-
tribution1. Here ω
B
≡ eB0mec .
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APPENDIX
A. DERIVATION OF Q(X)
The simplest way to evaluate the integral in definition of Q(x) is by splitting it into two integrals using recurrence
relations for Macdonald functions. Both the integrals are given in Prudnikov et al. (1986) (Eqs. 2.16.8.14 and 2.16.8.16)
as simplified special cases of more general integral (Eq. 2.16.8.13). Unfortunately, both have typos in numerical
coefficients. We therefore start with the
general expression (Eq. 2.16.8.13 in Prudnikov et al. (1986)) in the form∫ ∞
0
xα−1 exp
(
− p
x2
)
Kν(cx) dx =
=
2α−2
cα
Γ
(
α+ ν
2
)
Γ
(
α− ν
2
)
0F2
(
1− α+ ν
2
, 1− α− ν
2
; −c
2p
4
)
+
cνp(α+ν)/2
2ν+2
Γ(−ν) Γ
(
−α+ ν
2
)
0F2
(
1 +
α+ ν
2
, 1 + ν; −c
2p
4
)
+
c−νp(α−ν)/2
22−ν
Γ(ν) Γ
(
ν − α
2
)
0F2
(
1 +
α− ν
2
, 1− ν; −c
2p
4
)
. (A1)
Here
0F2(a1, a2; z) =
∞∑
k=0
1
(a1)k(a2)k
zk
k!
. (A2)
is a generalized hypergeometric function and
(a)0 = 1 ,
(a)n = a(a+ 1)(a+ 2) · · · (a+ n− 1)
(A3)
1 Note different numerical coefficients in the exponential
terms, a = 2(β−2)/(β+2)(β + 2)(3β)−β/(β+2) and b =
(3/4)2β/(3β+4)
(
2 +
8
3β
)(
3β
8
)4/(3β+4)
. As β changes from 1
to 2, the coefficients a and b vary between ' 2.45 and ' 2.65
and between ' 1.63 and ' 1.67, respectively; their ratio a/b
monotonically increases from ' 1.49 to ' 1.62.
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the Pochhammers symbol. In our case (α = 1, c = 1, ν = 5/3) Eq. A1 simplifies to become (we make substitution
p = 4z)∫ ∞
0
exp
(
−4z
ξ2
)
K5/3(ξ) dξ =
=
1
2
Γ
(
4
3
)
Γ
(
−1
3
)
0F2
(
−1
3
,
4
3
; −z
)
+
z4/3
2
Γ
(
−5
3
)
Γ
(
−4
3
)
0F2
(
7
3
,
8
3
; −z
)
+
z−1/3
2
Γ
(
5
3
)
Γ
(
1
3
)
0F2
(
2
3
, −2
3
; −z
)
=
pi√
3
[
− 0F2
(
−1
3
,
4
3
; −z
)
+
81
40
z4/30F2
(
7
3
,
8
3
; −z
)
+
2
3
z−1/30F2
(
2
3
, −2
3
; −z
)]
, (A4)
where we used the functional equation Γ(z + 1) = zΓ(z) to express all three products of gamma functions in terms of
Γ
(
1
3
)
Γ
(
2
3
)
and then Gausss multiplication formula
∏n−1
k=1 Γ
(
k
n
)
= (2pi)(n−1)/2n−1/2.
Then we transform the three generalized hypergeometric series from Eq. A4:
0F2
(
−1
3
,
4
3
; −z
)
= 1 +
∞∑
k=1
(−z)k[(− 13) ( 23) · · · (− 13 + k − 1)]× [( 43) ( 73) · · · ( 43 + k − 1)]× [1 · 2 · · · k]
= 1 +
∞∑
k=1
(
1
3
) (
k − 13
)
(−z)k(− 13) [( 13) ( 23) ( 33) · · · (k + 13)] = 1−
∞∑
k=1
33k (3k − 1) (−z)k
(3k + 1)!
= −
∞∑
k=0
(3k − 1)
(3k + 1)!
(
−3z1/3
)3k
, (A5)
0F2
(
7
3
,
8
3
; −z
)
= 1 +
∞∑
k=1
(−z)k[(
7
3
) (
10
3
) · · · ( 73 + k − 1)]× [( 83) ( 113 ) · · · ( 83 + k − 1)]× [1 · 2 · · · k]
= 1 +
∞∑
k=1
(
1
3
) (
4
3
) (
2
3
) (
5
3
)
(k + 1)(−z)k(
1
3
) (
2
3
) (
3
3
) · · · (k + 53) = 1 + 40
∞∑
k=1
33k(3k + 3)(−z)k
(3k + 5)!
= 40
∞∑
k=0
(3k + 3)
(3k + 5)!
(
−3z1/3
)3k
= 40
∞∑
k=0
3k
(3k + 2)!
(
−3z1/3
)3k−3
, (A6)
0F2
(
2
3
, −2
3
; −z
)
= 1 +
∞∑
k=1
(−z)k[(
2
3
) (
5
3
) · · · ( 23 + k − 1)]× [(− 23) ( 13) · · · (− 23 + k − 1)]× [1 · 2 · · · k]
= 1 +
∞∑
k=1
(
k − 23
)
(−z)k(− 23) [( 13) ( 23) ( 33) · · · (k)] = 1− 12
∞∑
k=1
33k (3k − 2) (−z)k
(3k)!
= −1
2
∞∑
k=0
(3k − 2)
(3k)!
(
−3z1/3
)3k
. (A7)
In Eq.A6 we formally added extra term to the series, which identically equals to 0 for any z 6= 0.
After substituting Eqs. A5 – A7 into Eq. A4 we note, that the three terms in square brackets represent different
parts of a single series, then split this series into two (re-arranging terms), and eventually obtain∫ ∞
0
exp
(
−4z
ξ2
)
K5/3(ξ) dξ =
=
pi√
3
[ ∞∑
k=0
(3k − 1)
(3k + 1)!
(
−3z1/3
)3k
+
∞∑
k=0
3k
(3k + 2)!
(
−3z1/3
)3k+1
+
∞∑
k=0
(3k − 2)
(3k)!
(
−3z1/3
)3k−1]
=
pi
3
√
3
z−1/3
∞∑
k=0
2− k
k!
(
−3z1/3
)k
=
pi
3
√
3
(
2z−1/3 + 3
) ∞∑
k=0
1
k!
(
−3z1/3
)k
=
pi√
3
(
2
3z1/3
+ 1
)
exp
(
−3z1/3
)
. (A8)
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The final result is derived from Eq. A8 by substitution z = 8x2/27:
√
3
pi
∫ ∞
0
exp
(
−32x
2
27 ξ2
)
K5/3(ξ) dξ =
(
2
3(8x2/27)1/3
+ 1
)
exp
(
−3(8x2/27)1/3
)
=
(
1
x2/3
+ 1
)
exp
(
−2x2/3
)
. (A9)
B. LAPLACE’S METHOD OF ESTIMATING INTEGRALS
Consider integral
I =
∫ ∞
0
g(x) exp (f(x)) dx , (B10)
such that the exponent has a sharp maximum at the point x0, where function f(x) reaches it maximum. Approximate
integration (by Laplace’s method) can be done by replacing f(x) by two leading terms of its Taylor series expansion
in the vicinity of x = x0:
f(x) ' f(x0) + 1
2
f ′′(x0) (x− x0)2 . (B11)
The exponent then becomes a Gaussian function, so that
I ' exp (f(x0))
∫ ∞
0
g(x) exp
(
− (x− x0)
2
2/|f ′′(x0)|
)
dx ' exp (f(x0)) g(x0)
(
2pi
|f ′′(x0)|
)1/2
. (B12)
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